
IOP Conference Series:
Materials Science and
Engineering      

PAPER • OPEN ACCESS

Features of determining engagement line of
traction gears with different degrees of wear of
gear teeth
To cite this article: V I Moroz et al 2021 IOP Conf. Ser.: Mater. Sci. Eng. 1021 012042

 

View the article online for updates and enhancements.

You may also like
Corrigendum: Detection of nosemosis in
European honeybees (Apis mellifera) on
honeybees farm at Kanchanaburi,
Thailand (2019 IOP Conf. Ser.: Mater Sci
Eng. 639 012048)
Samrit Maksong, Tanawat Yemor and
Surasuk Yanmanee

-

The activities and funding of IRPA: an
overview
Geoffrey Webb

-

Comparison of Some Structural
Parameters of the Model Systems
nM+[CrX6]3- and 3M+[CrX6]3- + 18MCl
(M–Na, K, Cs; X–F, Cl; n=1–6)
Sergey A. Kuznetsov and Vyacheslav G.
Kremenetsky

-

This content was downloaded from IP address 80.73.14.137 on 26/11/2024 at 16:14

https://doi.org/10.1088/1757-899X/1021/1/012042
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/1757-899X/639/1/012055
/article/10.1088/0952-4746/22/1/607
/article/10.1088/0952-4746/22/1/607
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
/article/10.1149/MA2014-02/25/1457
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjstaBj0Ow1QmSebwvGeBZM4pqkSXMETfKkq4pXjf5QyXtAHHNB4wRTvl4F_5BUIELgyOul0uDYMh4py9oF983DZKkXBlx77AyAeAAmxOK8NJj9Q8lOb3wAWVtXHWElZzd37DJt9vWYqqG2DeiYVDmVLPEKmiQCV5RiBP95wiN3s3uUJGCfdNJHdHw7YLiYfjyuk2hWZSSQITaAm1YkfJbzhaphid8FN0eYkh7uslBjIF0DvtMERcmDiVhnphu7JmQ0ymxP9gs4DN4LTy_Pc4ojgToR3YQrVzq2tCR-h-Vb42Cnd93dwaYJ_WKWnDqmfux0Sdz4fxS8swM-53-p1_bNWVO69BUgcBtzUpkMWCxTlE&sig=Cg0ArKJSzN-tTSBRADCe&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://www.electrochem.org/247/%3Futm_source%3DIOP%26utm_medium%3Dbanner%26utm_campaign%3DIOP_247_abstract_submission%26utm_id%3DIOP%2B247%2BAbstract%2BSubmission


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

International Scientific Conference Energy Efficiency in Transport (EET 2020) 
IOP Conf. Series: Materials Science and Engineering 1021  (2021) 012042

IOP Publishing
doi:10.1088/1757-899X/1021/1/012042

1

Features of determining engagement line of traction gears 

with different degrees of wear of gear teeth 

V I Moroz
1
, V I Hromov

1
, O V Bratchenko

1
 and O A Logvinenko

1,2
 

1 
Department of Mechanics and Machine Design, Ukrainian State University of Railway 

Transport, 61050 Feierbakh Sq. 7, Kharkiv, Ukraine 
2 

Email: logvinenko@kart.edu.ua 

Abstract. Calculations of strength, forecasting the residual operation life for repairing traction 

gears (TG) is carried out on the results of modeling their motion characteristic, which is based 

on the determined coordinates of the contact points of the gear and wheel profile for the period 

of engagement (engagement line). This article presents results of a study aimed at developing 

mathematical dependencies for a refined determination of TG engagement line with the 

established wear of gear teeth. Adequacy verification of proposed mathematical descriptions 

was carried out based on the results of the study of new TG of ER-2 electric train series. Their 

comparison with the coordinates of the engagement line, calculated by the traditional method, 

showed that modelling uncertainty does not exceed 0.06%. As an example of practical use of 

the received mathematical descriptions, results of research of motion characteristic of new TG 

of ER-2 electric train series with the established degrees of wear of gear and wheel teeth are 

presented. 

1. Introduction 
Mainly traction rolling stock (TRS) and multiple-unit train (MU) with excessive service life carry out 

a significant amount of traffic on Ukrzaliznytsia PJSC (Ukrainian Railways) networks. Therefore, 

strategy for the development of railway transport for the period up to 2020 (approved by the Order of 

Cabinet of Ministers of Ukraine No. 51555-r on December 16, 2009) and the State Program for rolling 

stock renewal for 2017-2021 (approved at a meeting of Ukrzaliznytsia PJSC on November 29, 2016) 

provide for upgrades, as well as extension of the service life of existing rolling stock on the basis of 

relevant research and development work. One of the areas of such research is to ensure the reliability, 

technical resource of the main modules of TRS and MU [1]. These include the traction drive as a 

whole and the traction gear (TG) functioning in its structure. 

2. Recent research and publications analysis 
Experience of TG repairs has shown that due to extreme wear of gear teeth, more than 90% of gears 
and about 60% of wheels are rejected prematurely [2]. That is, wear features of the active surfaces of 
the teeth should be considered one of the main factors influencing TG technical resource, which 
significantly depends on the resource of the traction drive [3].  

According to the results of researches performed, it is established that operational wear of active 

profiles of gear and wheel teeth cause essential changes in  engagement characteristics of functioning 

TG (in comparison with new gear) [4]. Distortion of profile configuration in normal sections due to 

wear leads to a violation of the main property of involute gearing, which consists in conversion of 

rotational motion from gear to wheel with a constant gear ratio ( )const/i 2112 =−= ωω . This causes 
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significant additional dynamic loads, reducing TG technical resource, increasing the levels of bending 

stresses of the teeth and contact stresses in the gear [5,6]. Therefore, the calculations of TG strength 

with different degrees of teeth wear involves determining the nature of the change in the value of the 

gear ratio (gear ratio 1212 iu = ) during the period of gear pair catching. In addition, ensuring the 

rational formation of TG repair [4] requires the development of sound recommendations, based on the 

results of modeling the characteristics of gear transmission with different degrees of teeth wear of 

active profiles over the entire height – that is, the actual value of the overlap coefficient, patterns of 

change in the coefficients of specific sliding and pressure for the period of teeth pair engagement.  

The key point of such works is the specified definition of the current coordinates of the contact 

point’s trajectory of the real profiles of the teeth for the period of their engagement (engagement 

lines). At this time, the problem of obtaining digital descriptions of the considered real profiles of teeth 

with different degrees of wear has been solved at a sufficiently high level [7, 8]. Nevertheless, 

modeling their engagement characteristics at best is carried out mainly using graphical methods [9]. At 

the same time in the special scientific and technical literature, the issue of analytical research of TG 

engagement characteristics with the established wear of gear and wheel teeth with the use of other 

methods are insufficiently covered. 

3. Defining the aim and objectives of this investigation 
The aim of this investigation is to develop mathematical dependences to solve the problem of 
determining TG engagement line with different degrees of wear of gear and wheel teeth. 

To achieve this aim, the following tasks were solved: 
1. Development of mathematical descriptions that provide determination of the boundary points of 

teeth contact (position of gear and wheel teeth axes t the beginning and end of engagement). 
2. Obtaining mathematical dependences to determine the coordinates of the current points of contact in 

the teeth engagement. 

4. The main part of the study 

In order to solve the first issue to determine the position of the axes of worn gear and wheel teeth of 

TG at the beginning (contact point 1В  at figure 1 at the intersection of radii circles 2ar  and 
1Br , angles 

in question are П1ψ , П2ψ )  and end of engagement (contact point 2В  at figure 1 at the intersection of 

radii circles 1ar  and 2Br , angles in question are З1ψ , З2ψ ), the method of projections of closed vector 

contours on the coordinate axis was used (V.A. Zinoviev's method) [10].   

Therefore, in relation to TG, a coordinate system 010 YOX  was introduced, and gear geometric 

parameters 1ar , 2ar , 
1Br , 2Br , wa  were replaced by the corresponding vectors 1ar , 2ar , 1Br , 2Br , 

wa . For the moments of the beginning and the end of engagement of gear and wheel teeth vector 

contours 1211 ООВО  and 1221 ООВО  were considered, for which conditions of closeness are considered  

w2aB arr
1

=+ ;   w1aB arr
2

=+ . (1) 

Formulas for determining the desired angles that define the position of the axes of gear and wheel 

teeth at the moments of their engagement are obtained from the transformation of  equation 

projections (1) on the coordinate axis 01ХО  and 01YО  

)]/(arcsin[
11 BBП1П1 r2s ⋅+= ϕψ ;   )]/(arcsin[ 2a2aП2П2 r2s ⋅−= ϕψ , (2) 

where    )]/()arccos[( 1Bw
2
2a

2
B

2
wП1 ra2rra

1
⋅⋅−+=ϕ ;  2

2aП1BП2 rr1
1

)/sin(arccos[ ϕϕ −= , 

)]/(arcsin[
11 ааЗ1З1 r2s ⋅−= ϕψ ;  )]/(arcsin[ 2В2ВЗ2З2 r2s ⋅+= ϕψ , (3) 
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where   )]/()arccos[( 1аw
2
В

2
1а

2
wЗ1 ra2rra

2
⋅⋅−+=ϕ ;  2

ВЗ11аЗ2 2
rr1 )/sin(arccos[ ϕϕ −= .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Before determining axes limit positions of worn gear and wheel teeth of TG. 

 

Analytical dependences for determining the coordinates in the system  010 YOX  of current contact 

points of the teeth profiles with the established thicknesses of the circles chords of the corresponding 

radii of the gear and wheel (the second task of this investigation) were obtained on the basis of 

coordinate transformation method (G.F. Moroshkin's method) [11]. Figure 2 shows a fragment of TG 

motion scheme. Gear 1 and wheel 2, together with rack 0 form rotating motion pairs of the fifth class 

О1,  О2.      

The working profiles of the teeth form the highest motion pair of the fourth class B (contact point). 

Coordinates of the flow point of contact B in the coordinate system X1О1Y1: 1е111 lАОх == ; 

2SBAy 1е11 /==  ( 1еS  is thickness of the gear tooth, determined at a distance 1еl  from rotation 

center О1). Coordinates of the flow point of contact B in the coordinate system X2О2Y2: 

2е222 lАОх == ; 2SBAy 2е22 /==  ( 2еS  is thickness of the gear tooth, determined at a distance 2еl  

from rotation center О2). 

The matrix notation of equation system for the transformation of the point coordinates is the 

following 

       ,rTr jjii ⋅=  (4) 

where ir  is matrix-column of point coordinates in the basic coordinate system; jr  is matrix-column of 

point coordinates in a new coordinate system; jiT  is matrix of equation coefficients. 

Equation matrix (4) to determine in the system X0О0Y0  the coordinates of point В, which belongs to 

gear and wheel teeth, respectively 
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According to G.F. Moroshkin's method, the issue of determining the positions of TG gear and wheel 

for the corresponding contact point coordinates of the real profiles of the teeth is reduced to the joint 

solution of equations obtained from formulas (5), (6) with conditional opening of motion pair B. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Before determining the coordinates of the current contact points of the profiles of the gear 

and wheel teeth of TG. 

 

Then the conditions for the existence of the current contact point of the profiles of gear and wheel 

teeth are the equations 

      w022e022e011e011e a2Sl2Sl +⋅−⋅=⋅−⋅ ψψψψ sin)/(cossin)/(cos ; (7) 

     022e022e011e011e 2Sl2Sl ψψψψ cos)/(sincos)/(sin ⋅+⋅=⋅+⋅ . (8) 

The use of the obtained mathematical dependences in TG investigation requires analytical 

descriptions of active profiles of gear and wheel teeth of the following type 

)(/ 1e1e lf2S = ,   ];[ 1aB1e rrl
1

∈ ;                               (9) 

)(/ 2e2e lf2S = ,    ( ];[ 2aB2e rrl
2

∈ ).                          (10) 

Studies have shown that in the presence of the results of experimental determination of teeth 

thickness according to the chords of respective circles to develop such descriptions, it is advisable to 

use the Lagrange interpolation formula [12].  
Analytical dependences (7) to (10) are the basis for the study of the characteristics of worn TG 

engagement with the established thicknesses of gear and wheel teeth according to the circle chords of 

corresponding radii. When fixing the angle value ];[ З1П101 ψψψ ∈  and the stepwise angle setting 

];[ З2П202 ψψψ ∈ (angles are calculated in accordance with figure 2), the coordinates of the 
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corresponding contact point (X0,Y0) in the system X0О0Y0, which satisfy conditions (7), (8), are 
determined by iterative approximations. 

In order to verify the adequacy of the proposed mathematical descriptions, a calculated study of a 

new TG electric train ЕР-2 series (number of gear teeth z1 =23 and wheel teeth z2 =73; teeth modules 

m =10 mm; intercenter distance aw=485 mm; gear displacement coefficient х1=0.478 and wheel 

displacement coefficient х2=0.041), aimed at determining the coordinates of the current contact points 

of gear and wheel teeth during the period of their engagement. A comparison of the obtained results 

with the coordinates of the engagement line В1В2, calculated by the traditional method (Figure 3) 

showed that modelling uncertainty does not exceed 0.06%. Such results substantiate the possibility 

and expediency of using the proposed approach as well as the developed mathematical support in the 

study of the characteristics of TG engagement with different degrees of teeth wear. 
Below are the results of the study of the kinematics of TG electric train ЕР-2 series with the 

established degrees of teeth wear (digital images of gear and wheel teeth are presented in Figure 4). 
Engagement line В1В2 of the studied TG, obtained using the developed mathematical descriptions, is 
shown in Figure 5 below. A comparison of the obtained results with experimental data [9] showed that 
modelling uncertainty does not exceed 1%. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Results of modeling coordinates of the current contact points of the active teeth profiles for 

the period of engagement of the new TG electric train ЕР-2 series: --------- using the traditional 

method; using the developed –––––––– mathematical dependences. 
 
During this investigation, when determining the coordinates of each і-th contact point within 

X0O1Y0 system of active profiles of gear and wheel teeth (X0 ,Y0), the increment of the wheel rotation 

angle 
1ііі 020202 −

−=∆ ψψψ  was determined for each given increment of the gear rotation angle  

1ііі 010101 −
−=∆ ψψψ . This allowed determining the current value of the gear ratio 12u  and the angular 

velocity analog 2qω  for the corresponding TG position  
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і12u

ψ
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∆
∆= , (11) 

i12
i2q

u

1=ω . (12) 

 

Figure 6 presents graphs of changes in gear ratio 12u , angular velocity analogues 2qω  and angular 

acceleration 2qε  depending on 01ψ∆  for the studied TG (graph )( 012q f ψε ∆= , obtained from the 

graph )( 012q f ψω ∆=  by the method of finite differences [13]).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6. Results of studying of TG electric train ER-2 motion with the established degrees of gear 

and wheel wear 
 

Figure 4. Digital images of active 

profiles of gear teeth (a) and wheel 

teeth (b) of studied TG.  

b) a) 

Figure 5. Engagement line of studied TG. 

εq2, 1/rad 
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Such results are considered the basis for further investigation of TG with the established degrees of 

gear and wheel wear. 

5. Conclusions 
Analysis of the presented results proves the expediency of using the developed mathematical 

dependences to determine the contact points of the teeth, lines and gears, which is important for 

predicting TG strength and residual life. 
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