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Abstract. The objective of this study is to establish a functional relationship between the
autocorrelation component of the normalized energy-weighted total squared correlation and the
structural equivalent size of an unequal-energy complex signal ensemble by analyzing the
autocorrelation and cross-correlation components and the dependence of the structural equivalent
size on the distribution of signal energies within the ensemble. The autocorrelation and cross-
correlation components of the normalized energy-weighted total squared correlation for an unequal-
energy complex signal ensemble are analyzed. It is shown that the autocorrelation component is
determined by the normalized sum of squared signal energies in the ensemble, whereas the cross-
correlation component is expressed in terms of individual normalized multiple-access interference
energies with weighting factors determined by the distribution of signal energies within the ensemble.
The autocorrelation component of the normalized energy-weighted total squared correlation is
shown to equal the quadratic measure of signal energy concentration, which also determines the
structural equivalent size. A functional relationship is established between the autocorrelation
component of the normalized energy-weighted total squared correlation and the structural equivalent
size. For an equal-energy complex signal ensemble, the structural equivalent size coincides with the
ensemble size, while the autocorrelation component of the normalized energy-weighted total squared
correlation corresponds to a uniform distribution of signal energies. The quadratic measure of signal
energy concentration is also shown to appear in the cross-correlation component of the normalized
energy-weighted total squared correlation as the sum of its weighting factors. The cross-correlation
component also depends on the individual normalized multiple-access interference energies, which
are determined by the signal energies and their cross-correlations. It is established that the
normalized energy-weighted total squared correlation differs from the structural equivalent size: a
direct functional relationship with the structural equivalent size is established for the autocorrelation
component, whereas the distribution of signal energies alone is insufficient to determine the cross-
correlation component.
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Anomauyia. Memow cmammi € 6CMAHOBNEHHS  (QYHKYIOHANbHO2O 38 3Ky  MIdIC
A6MOKOPENAYIUHOI0 CKIAO0BOI0 eHEPLeMUYHO-36AXHCEHO20 HOPMOBAHO20 (DYHKYIOHANA 3a2aNbHOT
K6aOpamu4Hoi Kopenayii i CmpyKmypHum eKgieaieHmHumM 06 €EMOM AHCAMONIO Pi3HOEeHepeemMUYHUX
CKIAOHUX CUCHANIB HA OCHOBI AHANI3Y ABMOKOPENAYIUHOI Ma 63AEMOKOPENAYIUHOI CKIA00B8UX
@YHKYIOHANA | 3AN1eHCHOCINE CIMPYKINYPHO20 eKBIBANEHMHO20 00 €MY 8I0 PO3NOOLNY eHepeiil CUCHANIG
ancamonio. Illpoananizoeano aemokopenayiuny ma 63aEMOKOPENAYIUHY CKIA008i eHepeemuiHo-
36AHCEHO20 HOPMOBAHO20 (PYHKYIOHANA 3A2ANbHOI KEAOPAMUYHOI Kopensayii O0ns  amcamono
pi3HoenepeemuyHuX CKIaOHux cueHanie. lloxazano, wjo aemokopenayiina CK1a006a 6UsHa4eHd
HOPMOBAHOIO CYMOI K8AOPAMI6 eHepzill CUSHANI8 aHCcamOnio, d 63AEMOKOPEeNAYIliHA CKIa00s8d
supasicena uepe3 IHOUBIOVAIbHI HOPMOBAHI eHepeii 3a8a0 MHONICUHHO20 OOCMYNY 3 6a208UMU
MHOJICHUKAMY, AKI SUSHAYAIOMb PO3NOOLIOM eHepeii cueHanie ancambnio. Ycmawosneno, wjo
A8MOKOpeNayiliHa CKIa008a eHepeemUYHO-36AXHCEH020 HOPMOBAHO20 (DYHKYIOHANA 3A2ATIbHOT
K8aopamu4Hoi Kopenayii 0opieHIOE K8AOPAMUYHIL MIpI KOHYeHmMpayii eHepeii cueHanie ancamonio,
yepes SAKY MAKONC BUHAYUEHO CMPYKMYPHUL eKsisaieHmuuil 06’em. Mixc asmoxopenayitinow
CKIAO0B0I0  eHepeeMUUHO-38ANCEHO20 HOPMOBAHO20 (DYHKYIOHANA 3A2ANbHOI  K8AOpAMUYHOL
Kopenayii i CmpyKmypHUM eK8i8aleHMHUM 00 €EMOM YCMAHO8IeHO (DYHKYIOHANbHUL 36 S30K. [na
aHCcamono piHOEHEPLeMUYHUX CKIAOHUX CUSHATLI8 CIPYKMYPHUL eK8i8aneHmMHUll 00 em 30icacmbcs
3 00’emom ancambnio, a ABMOKOPENAYIUHA CKIA008A eHEePeeMUUHO-36AHCEHO20 HOPMOBAHO20
@yHKyionana 3a2anvHoi Keadpamuunoi Kopenayii 8i0noeioac pPiGHOMIPHOMY pPO3NOOLNY eHepaii
cuenanie. Ilokazano, wo keadpamuyHa mipa KoHyeHmpayii emepeii CUcHAli8 8X00UMb MAKOMC Y
83AEMOKOPENAYIUHY CKIA008Y eHepeemUUHO-38AHCEH020 HOPMOBAHO20 (DYHKYIOHANA 3A2albHOI
Kéaopamuuuoi  Kopenayii AK  CyMapHa — 6eluduHa il 8a208UX  MHOJCHUKIG.  3HaueHH:
83AEMOKOPENAYIUHOI CKIAO080T MAKOIC 3ANeAHCUMD 8I0 THOUBIOYALHUX HOPMOBAHUX eHepaill 3a6a0
MHONCUHHO2O0 OOCMYNY, SAKI BU3HAYEHI eHepeisiMU CUSHANIG [ IXHIMU B3AEMHUMU KOPENAYIAMU.
Yemanosneno, wo enepeemuuno-36adxcenuli. HOpMOBAHUL (DYHKYIOHAN 3A2aNbHOI K8aopamuiHoi
Kopenayii He € MOMONCHUM CMPYKIMYPHOMY eK8I8AIeHMHOMY 00 emy: (OYHKYIOHANbHUL 36 30K 31
CMPYKMYPHUM  eKGIBANEeHMHUM 00 €EMOM 0e3n0cepeOHb0 BCMAHOBIEHO O/ A8MOKOPENAYIUHOL
CK1A0080i, MoOi AK OJIsl GU3HAYEHHS 83AEMOKOPENAYIUHOI CKIA0080I 00HO20 PO3N0IiNy eHepeii
CUcHaNi8 HedOCMAamHbO.

Knrwowuosi cnosa: ancambébno piznoeHepeemuyHux CKAAOHUX CUSHANIB, (DYHKYIOHAN 3A2allbHOL
K8AOpamu4noi Kopenayii, asmoxopenayilina CcK1adosd, eHepeemuyHO-36A4CeHUll HOPMOBAHULL
@DYHKYIOHAN 3a2aNbHOI K8AOPAMUYHOI KOpeNaYil, KeaOpamuiHa Mipa KOoHyeHmpayii enepeii cueHanie
ancamonio, CmMpyKmypHull ekeieaieHmHuull 00’em, cucmema MHONCUHHO20 OOCMYNY 3 KOOOBUM
PO30INEeHHIM.

Introduction. In remote condition-
monitoring systems for railway transport,
wireless transmission of operational data must
support long-term autonomous operation of
remote devices and simultaneous transmission
of critical and non-critical messages. Meeting
these requirements calls for a unified wireless
ultra-wideband access platform with software-
controlled parameter adjustment according to
current tasks, access priorities, and the number
of simultaneously supported channels. At the
complex-signal-ensemble level, this
requirement calls for code-division multiple
access. A promising direction for the

development of ultra-wideband code-division
multiple-access systems is the use of complex
impulse signals. In [1], ensembles of periodic
pulse sequences with minimum energy
interaction (hereinafter, complex time-division
signal ensembles with a periodic structure)
were proposed, for which no more than one
pulse overlap occurs at arbitrary time shifts.
The different numbers of pulses in these signals
result in unequal energies of individual signals
in the ensemble [2—6]; therefore, complex time-
division signal ensembles with a periodic
structure are unequal-energy ensembles.
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Relevance of the research topic. One
possible approach to evaluating the efficiency
of complex signal ensembles is the use of Total
Squared Correlation (TSC) [7-9]. For
ensembles with unequal signal powers and/or
energies, weighted variants of total squared
correlation are wused, in which squared
correlations are assigned the corresponding
weighting factors [10-14].

Another approach to evaluating unequal-
energy complex signal ensembles is based on
an equivalent transformation of such an
ensemble into an equal-energy complex signal
ensemble while preserving the total signal
energy [15, 16]. The result of the equivalent
transformation is the structural equivalent size,
which is determined from the quadratic
measure of signal energy concentration
normalized to its value for an equal-energy
ensemble and represents the calculated number
of equal-energy signals. Numerically, it equals
an approximate estimate of the normalized total
energy of interfering signals and reflects the
increase in interfering-signal energy for users
with the lowest signal energies due to the
dominance of signals from users with higher
energies [15, 16]. The structural equivalent size
was subsequently used in the formulation and
study of performance indicators for unequal-
energy complex signal ensembles and code-
division multiple-access systems [17-20].
Thus, the available approaches to evaluating
unequal-energy complex signal ensembles
characterize the ensembles through different
quantitative relationships. Therefore,
establishing the relationship between total
squared correlation and the structural
equivalent size is a relevant task.

Analysis of recent research and
publications. Total squared correlation is
defined as the sum of squared correlations over
all pairs of signals in the ensemble [7]. Its
autocorrelation and cross-correlation
components can be separated [8, 9].

For ensembles with unequal signal
powers and/or energies, weighted and
normalized weighted variants of total squared
correlation are used; squared correlations are

assigned weighting factors that depend on
signal powers or energies, so the power or
energy distribution affects the weighting factors
[10-14].

The distribution of signal energies can
also be accounted for by an equivalent
transformation of an unequal-energy complex
signal ensemble into an equal-energy complex
signal ensemble while preserving the total
signal energy. In this transformation, the
structural equivalent size is determined from
the quadratic measure of signal energy
concentration normalized to its value for an
equal-energy ensemble and therefore depends
on the distribution of signal energies [15, 16].

At the same time, the normalized energy-
weighted total squared correlation and the
structural equivalent size are obtained within
different approaches to evaluating unequal-
energy complex signal ensembles. The
relationship between the components of the
normalized energy-weighted total squared
correlation and the structural equivalent size
has yet to be established.

Defining the purpose and objectives of
the research. The objective of this article is to
establish a functional relationship between the
autocorrelation component of the normalized
energy-weighted total squared correlation and
the structural equivalent size of an unequal-
energy complex signal ensemble by analyzing
the autocorrelation and cross-correlation
components and the dependence of the
structural equivalent size on the distribution of
signal energies in the ensemble.

The main part of the research. Consider
total squared correlation (TSC), defined as the
sum of squared correlations over all pairs of
signals in the ensemble [7]. For an ensemble of
size L, TSC is given by:

L L
Z Z R(max)

i=1j=1

where L —ensemble size;
Ri(}"ax) — maximum correlation value
between signalsiandj,i,j =1,...,L.
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For ensembles with unequal signal
energies, weighted and normalized weighted
variants of total squared correlation are used
[10-14]. For the subsequent analysis, we use
the normalized energy-weighted total squared
correlation, denoted by TSC.p,. Let the energy
of signal i be denoted by E;, and define the total
signal energy of the ensemble Ey as

Accounting for the signal energies E;, the
normalized energy-weighted total squared
correlation TSC,p,, can be written as

2
where the squared correlation (Ri(}”“x)) is
assigned the weighting factor E;E;/EZ. The
quantity TSC.,,: IS dimensionless because of
normalization by EZ.

For the subsequent analysis, decompose
the normalized energy-weighted total squared
correlation into components according to
whether the signal indices coincide [8, 9].
Terms with i =j define the autocorrelation
component, whereas terms with i # j define the
cross-correlation component:

Tscl=D 4 gl

enwt enwt ’

TSCenwt =

where TSCS:N’B — autocorrelation component
of the normalized energy-weighted total

squared correlation;

TSCSf&,jt) — cross-correlation component
of the normalized energy-weighted total

squared correlation.

(max) 2 _ .
For (Rii ) = 1, the autocorrelation
component of the normalized energy-weighted
total squared correlation TSC"=7 is given by

enwt

i 1
sl -

i=1

which accounts for the distribution of signal
energies E; in the ensemble. Cross-correlations
between signals do not enter this relationship.
The cross-correlation component of the
normalized energy-weighted total squared

correlation TSC{%7 is given by:

Next, consider the structural equivalent

size LE:Q), defined as the calculated number of
equal-energy complex signals in an ensemble
equivalent to the original unequal-energy
complex signal ensemble in terms of total
signal energy [15, 16]. The structural
equivalent size is obtained by multiplying the
ensemble size L by a factor formed by
normalizing the quadratic measure of signal
energy concentration to 1/L; the concentration

measure is Kg:

#®_; K _ 2 12 i1 Ef _q2 i=1 E?
LY =L =1 = 1P = L
where the concentration measure kg is L E? L E?
- - - - - K = =
determined by the distribution of signal £ (Xk,E)? E2

energies in the ensemble:
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For an equal-energy complex signal
ensemble with E; = E, the concentration
measure takes the value x; = 1/L.

(+)

The structural equivalent size L~ is

numerically equal to an approximate estimate
of the normalized total energy of interfering
signals in the equivalent equal-energy complex

signal ensemble when the approximation
LS — 1 ~ L is used under the condition that
L(etl) is sufficiently large, whereas without this

approximation the normalized total energy of

interfering signals is Lf;{l) - 1.
Now use the concentration measure kg to

express the relationship obtained above for the
autocorrelation component TSCY=” of the

enwt
normalized energy-weighted total squared

correlation:

L

1
sy - 13
X3

Kg.

Thus, the structural equivalent size LY

eq
and the autocorrelation component Tscgjvjt) of
the normalized energy-weighted total squared
correlation are both expressed through the
quadratic  measure of signal energy
concentration kg. Substituting KE=L§;)/L2
gives the functional relationship between the
autocorrelation component TSCE=) and the

enwt
structural equivalent size L3F:

In this relationship, the individual
multiple-access interference energies E; ; enter
the sum with weights determined by the
energies of the corresponding signals. For the

B L)
TSCamt = K5 = 75~

Thus, the autocorrelation component

TSC(=1 of the normalized energy-weighted
total squared correlation TSC,,: IS determined
by the distribution of signal energies in the
ensemble and equals the quadratic measure of
signal energy concentration. The structural
equivalent size is also determined through the
concentration measure kg, normalized to its

value for an equal-energy ensemble;
consequently, a functional relationship is
established between the autocorrelation

component and the structural equivalent size.

Next, consider the cross-correlation
component TSC{) of the normalized energy-

weighted total squared correlation TSC,. FoOr
user i, define the individual multiple-access
interference energy E;; as the sum of the
energies of interfering users' signals weighted
by the squares of the corresponding cross-
correlations:

L

E ;= Z E; (Ri(]fnax))zl

j=1,j+#i

Substituting the definition of E; ; into the
expression for the cross-correlation component
gives:

subsequent transformation, introduce the

weighting factors w;:
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The cross-correlation
TSC*7 is then given by:

enwt

component

L

(i)
TSConmi = Z w

i=1

E;;
l EZ )

where, for each user i, the ratio E;;/E; is the
individual normalized multiple-access
interference energy. Since E;/Es = w;, the last
expression can be transformed to:

L
B 5,

(i=))
TSConl) = .
. 1E§ E;
i=

enwt

Thus, the cross-correlation component

TSC&’CV’B Is expressed in terms of the individual
normalized  multiple-access  interference
energies E; ;/E; with weighting factors E? /EZ.

The sum of the weighting factors equals the

quadratic  measure of signal energy
concentration in the ensemble kg:
L
>
— =K
2 E»
i=1 Es
S EZE
TSCUn = ) 25
E; E;
=1

where the concentration measure kg IS a
common factor of the cross-correlation

component TSC(Efvajt), while the quantities E; ; /
E; depend on the energies of the interfering
signals and the squares of their cross-

correlations with signal i. Thus, the cross-
correlation component TSC ™/ simultaneously

enwt

which shows that the quadratic measure of
signal energy concentration kz enters the
relationship  for  the  cross-correlation

component TSCgf:vjt), where kg gives the sum of
the weighting factors applied to the individual
normalized  multiple-access  interference

energies E; ;/E;. Write the weighting factor as:

E? E?

— =K —_—
2 E L 2’

EZ iy E

where the fractions E7/Y%_, E/ specify the
fraction of the sum of squared signal energies
attributable to signal i, and the sum of these

fractions equals one:

EL: & 1
L pz
2 B

Thus, the weighting factor E?/EZ can be
written as the product of two components: the
concentration measure kz and the fraction
E?/¥%_, E}. The quadratic measure of signal
energy concentration xz determines the overall
quadratic concentration of energy in the
ensemble, whereas the ratio E7/ ¥.5_, E7 gives
the fraction of the sum of squared signal
energies associated with signal i.

Substituting  E7/Ef = wgEf /X5, Ef
into the expression for TSC.%7) gives:

ZL E? E,
= Kg i Ii
L 2 4

accounts for the distribution of signal energies
in the ensemble and their cross-correlations.

Write the normalized energy-weighted
total squared correlation TSC,,,,: as the sum of

the autocorrelation TSCY=? and cross-

enwt

correlation TSC{*7) components:

enwt
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TSCane = Tscl=h) 4 Tsclih) =

enwt enwt
- Z EL_ B 1+ 2 B E“
=K K =K .
FRLYE EP R T Y- E;
The resulting relationship shows two where L(e:;)/LZ =k directly determines the

factors that determine the normalized energy-
weighted total squared correlation TSCq,t. The
quadratic  measure of signal  energy

autocorrelation component TSC=? and is a

enwt

common factor of the cross-correlation

concentration k characterizes the distribution component TSC oy

of signal energies in the ensemble and is a For an equal-energy complex signal
common factor of both the autocorrelation and ensemble, where E,=E,i=1,..,L, we
cross-correlation components. The expression obtain:

in parentheses accounts for the individual

normalized  multiple-access  interference L g2 g2 1

energies E;;/E;, which also depend on the Ky = St -

= 2 = 2 2 = )
cross-correlations between signals. At the same (LE) L7E= L

value of kg, TSC,,w: Can take different values if
the quantities E;;/E; differ between signal
ensembles.

and for each signal, the fraction of the sum of
squared signal energies associated with signal i

is:
Since the structural equivalent size L(+)
satisfies the relationship L(” = L’xg, the Ef_E* 1
normalized energy-weighted total squared L E? LE* L
correlation TSC.,,: can also be expressed in
terms of the structural equivalent size: Substituting kg = 1/L, EZ2/ Y. Ejz _
2
1 Ez E = 1/L, By = E ¥y jui(RG), and
TSC 1+ Z 4, 2 ]
e < Z i) Eji/E = Z?:Ljii(Rgnax)) into the

expression for the cross-correlation component

TSCED gives:

L L L
E} E 11 E E. 1 2
(i#j) _ Li _ i ( )
TSCenut = KEZ; .—ZZZ—E =z F=w), D, (RY).
l i=1 i—1 . . . .

1=

Thus, for an equal-energy complex signal Conclusions. The autocorrelation and
ensemble, the cross-correlation component cross-correlation components of the normalized
TSC*? of the normalized energy-weighted energy-weighted total squared correlation for
total squared correlation TSC,,, iS determined an unequal-energy complex signal ensemble
by the sum of squared cross-correlations with are analyzed. It is shown that the
weighting factor 1/L2. The structural autocor_relatlon component is d_etermlned t_)ythe
equivalent size L(” for such an ensemble normalized sum of squared signal energies in

the ensemble, whereas the cross-correlation
coincides with the ensemble size L.
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component is expressed in terms of individual
normalized  multiple-access interference
energies with weighting factors determined by
the distribution of signal energies within the
ensemble. The autocorrelation component of
the normalized energy-weighted total squared
correlation is shown to equal the quadratic
measure of signal energy concentration, which
also determines the structural equivalent size. A
functional relationship is established between
the autocorrelation component of the
normalized energy-weighted total squared
correlation and the structural equivalent size.
For an equal-energy complex signal ensemble,
the structural equivalent size coincides with the
ensemble size, while the autocorrelation
component of the normalized energy-weighted
total squared correlation corresponds to a

uniform distribution of signal energies. The
quadratic  measure of signal energy
concentration is also shown to appear in the
cross-correlation component of the normalized
energy-weighted total squared correlation as
the sum of its weighting factors. The cross-
correlation component also depends on the
individual normalized multiple-access
interference energies, which are determined by
the signal energies and their cross-correlations.
It is established that the normalized energy-
weighted total squared correlation differs from
the structural equivalent size: a direct functional
relationship with the structural equivalent size
is established for the autocorrelation
component, whereas the distribution of signal
energies alone is insufficient to determine the
cross-correlation component.
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